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invariance of the corresponding Dirac operator is proven. We intro- 
' duce momenta for spin 1/2 particles and get (in certain cases) formal 

QT^. solutions of the Dirac equation. 
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Abstract 



^ : Introduction 



It is widely recognized that geometry of space-time should drastically change 
at very small distances, comparable with Planck's length. On the other hand 
there is no satisfactory physical theory which would describe such a change. 
A lot of effort was devoted to simple physical models describing possible 
changes of geometry which can occur. One of possibilities is provided by the 
theory of quantum groups: the related examples of quantum space-times 
have a (quantum) group of symmetries which can be as big as the classical 
Poincare group. If we want to have a quantum space-time which has exactly 
the same properties as the classical Minkowski space endowed with the action 
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of (spinorial) Poincare group, we get the classification of quantum Minkowski 
spaces and quantum Poincare groups given in 0. The related differential 
structure on quantum Minkowski spaces was determined in [Q. Therefore we 
are able to write Klein-Gordon equation for spin particles and solve it (at 
least formally) in many cases. The same holds for Dirac equation for spin 
1/2 particles provided we are able to find the gamma matrices (and certain 
other objects). This remaining task is undertaken in the present paper. In 
Section 1 we recall the theory of quantum Minkowski spaces and quantum 
Poincare groups. In Section 2 we prove that the requirement of invariance of 
the Dirac operator determines all the gamma matrices up to two constants 
a,b G C. The square of the Dirac operator is equal to the Laplacian (as 
in the classical case) if and only if a6 = 1. The normalization a = b = 1 
is chosen. We study certain expressions like the deformed Lagrangian. In 
Section 3 we get (in certain cases) formal solutions of the Dirac equation and 
introduce the momenta for spin 1/2 particles. 

The gamma matrices for the example of the standard g-Lorentz group 
and g- Minkowski space (0,0) were considered in [Q (cf. also |12[, [p!T[] , p|) . 



This case however doesn't fall into our scheme (the corresponding g- Poincare 
group contains dilatations) and involves essentially only one 2-dimensional R- 
matrix (while in our considerations we have two independent 2-dimensional 
i?-matrices: L and X). 

The gamma matrices (given by ( p.25|) and ( |2.9| )) and relations among 



them (the condition 2. of Theorem ^]2| and (|2.7] )) were announced in 
Recently, when the present paper was essentially completed, some gamma 
matrices (satisfying a condition like the condition 2. of Theorem |2.2|) ap- 
peared also in 0. That paper contains explicit formulae for the gamma 
matrices and metric tensor in some cases. Also the transformation proper- 
ties are discussed there. 

We sum over repeated indices (Einstein's convention). If V, W are vector 
spaces then r : V ^ W ®V is given by t{x <S)y)=y^x,xEV,yE W. 
We denote the unit N xN matrix by l^v or 1. If ^ is an algebra, v G Mj^{A), 
w G Mk{A), then the tensor product u ® w G Mnk{A.) is defined by 

{v ® wY^ki = v\w^i, i,k = l,...,N, j,l = l,...,K. 

We set dim v = N. If ^ is a *-algebra then the conjugate of v is defined 
as w G Mn{A) where v^j = (f*j)*. We also set v* = v'^ {y'^ denotes the 
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transpose of f , i.e. {v'^)i-^ = v^i). We write a ~ 6 if a, 6 are proportional, i.e. 
a = kb ioT k E R*. 

Throughout the paper quantum groups H are abstract objects described 
by the corresponding Hopf *-algebras Poly (if) = (^, A). We denote by 
A, £,5" the comultiplication, the counit and the coinverse of Poly (if). In 
particular, S is invertible {S~^ = * o S* o *). We say that f is a representation 
oiH {ve Rep if) if w e Mn{A), N eN, and 

Av'^ = v\ ® v^j, e{v'j) = S'j, i,j = l,...,N, 

in which case S{v'^j) = [v^^Yj. The conjugate of a representation and ten- 
sor products of representations are also representations. If v,w G Rep H, 
dim V = N, dim w = M, then we say that A G Mmxn{C) intertwines v with 
w if Av = wA. We say that v,w are equivalent {v ~ w) if such A can be 
chosen as invertible. For p E A' (the dual vector space of ^) , a G ^, we set 
p* a = (id ® p) Aa, a* p = {p® id) Aa. 

1 Quantum Lorentz and Poincare groups 

In this section we recall the definitions and properties of quantum Lorentz and 
Poincare groups as well as quantum Minkowski spaces. These objects are the 
natural generalizations of the standard objects known from the relativistic 
physics. 

Quantum Lorentz groups are defined as quantum groups with the same 
properties as the classical Lorentz group SL{2, C) [|1^. The classification of 
quantum Lorentz groups is given as follows JTSf. The set A of polynomials 
on a quantum Lorentz group is the universal unital *-algebra generated by 
wab, A,B = 1,2, satisfying 

w^bw^'dE'''' = i?^^, (1.1) 

E'^c^^sw'^D = E'^j,, (1.2) 
X^^nw^^KW^^L* = w^c*w\x'^''kl, (1.3) 

A,B,C,D,K,L = 1,2, where the matrices E G M4xi(C), E' G Mix4(C), 
X G M4x4(C) are given (up to a nonzero factor) in [|l^. The set A becomes 
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a Hopf *-algebra if we define the comultiplication and the counit in such a 
way that w becomes a representation, i.e. 



Aw^B=w^c^w^B, e{w^B) = S^B, A,B = 1,2. 



:i.4) 



The equations (|1.1| )- ([L^ ) can be also written as 

{w0w)E = E, E'{w®w) = E', X{w ®w) = [w ®w)X. (1.5) 



In particular, setting = E^"^ = 0, E^^ = 1, E^^ = -1, E'j^^ = -E^^, 
X^^CD = S^D^^c, "we get the classical Lorentz group SL{2, C). Then w'^b 
are the matrix elements of the fundamental representation of S'L(2, C), i.e. 
w^B{h) = h^B^C,he SL{2, C). Moreover, f*{g) = J{g) G C for / e 
geSL{2,C). 

For any quantum Lorentz group we define its representation A as 



where 
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are the Pauli matrices. Then A = A is irreducible. 

In the next step we introduce the quantum Poincare groups, i.e. the 
quantum groups with the properties of the (spinorial) Poincare group. Their 
definition and (almost complete) classification are given in |^. It turns out 
that each quantum Poincare group is related to one of quantum Lorentz 
groups described by E, E' and X = tQ' as follows: 



1) E = ei®e2- 62 ® ei, E' 

Q' 



+ ® e\ 
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< t < 1, or 
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2) 



E,E' as above , Q' — 



or 



3) E 



/ 1 c2 \ 
10 
10 

V 1 / 

ei ® 62 — 62 ® ei + C6i ® 61, £" = —6^ ® 6^ + 6^ ® 6^ + 66^ ® 6^, 

^1 rc^ \ 

10 

10 

V 1 / 



, r > 0, or 



4) 



E, E' as above , Q' 



flee \ 

1 -c 

1 -c 

V 1 J 

5) E ^ 61 <S) 62 + €2 <S) ei, = (8) + (8) 



or 



Q' = i 
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6) 



E, E' as above ,Q' — i 



7) 



as above , Q' — i 
r^(t + t-^)/2, ^ = (t-r^)/2, 0<t<l, 
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61,62 form the standard basis of C^, 6^6^ the corresponding dual basis of 
(C^)*, c G R* (cf. Remark below). One has g = 1 in the cases l)-4) and 
g = — 1 for 5)-7). We set g^/^ = 1 for q = 1 and g^^^ = i for g = —1. 

The set B of polynomials on a quantum Poincare group is the universal 
unital *-algebra generated by A and y\ i = 0,1,2,3, satisfying 1^ = Ia, 

(R - iTkAvS - ^''n^y'" + T""' - A'™A'„T™") = 0, (1.8) 

= G'^cj^^^^y^ + {Hvy^cw'^B - A'jW^ciHvy^B, (1.9) 

{yr = y\ (1-10) 

where R = {V'^ ® V-^){l2 X ® l2)(L ® L)(l2 ® X"^ ® l2)(V ® 1/), 
G = (\/-i ® l2)(l2 ® X)(L (g) l2)(l2 ^ V^), Z = (I4 ® V^-')[//y ® I2 + 
(G ® l2)(l2 ® i^y)]V^, = -tG-^Hv, L = sq'/^U + g^^'), ~L = QtLt, 
s = ±1, {HvY'^D = {V-'YabH^'^^d, T^' = {V-'YABiV-ycDT^^'^'', the 
possible ff^BC ^^rpABCD ^ q ^^^^^ given quantum Lorentz group and s), 

A,B,G,D = 1, 2, are provided in [0 (for c,k = 1). Then B becomes a Hopf 
*-algebra if we define the comultiplication and counit in such a way that 

Af = A'j(gy^+y'(gI, e{f) = 0, z = 0,l,2,3, (1.11) 

and (|OD holds. 

Remark. We set c = = 1 for the objects considered in ||^. The objects 
with c, /c G R* (c = 1 in cases 1)5)7)) are isomorphic to those with c = k = 1 
in the following way: N = diag(c, 1), Af = V~^{N (g) N)V, w{c) = NwN-\ 
X{c) = {N0N)X{N-^0N-^Y E{c) ~ {N®N)E, E'{c) ~ E'{N~^®N-^), 
A(c) = UkM~\ y\c, k) = kU'jyK H{c, k) = k{N®N®N)HN'\ T{c, k) = 
k'^{N ^ N ^ N ^ N)T etc. One should mention that formally taking k — > 0, 
next c — > (in cases 2)3)4)) or t — > 1 (in case 1)), we can deform all the 
objects related to the cases l)-4) with s = 1 (and any allowed H,T) to the 
classical case [ 1), s = t = 1, H = T = 0]. Therefore k, c and 1 — t can serve 
as small deformation parameters. 

In particular, H = T = is always allowed. If in addition we consider the 
classical Lorentz group and s = 1, we get the classical (spinorial) Poincare 
group. It is defined as 

P = SL{2, C)^R^ = {{g,a) : g e SL{2, C), a G R^} 
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with multiplication {g, a) ■ {g', a') = {gg', a + \g{a')) where the double covering 
SL{2,C) 3 g \g e S0o(l,3) is given by Xgixfai = g{x^aj)g*, g E 
SL{2,C), X G (we treat as mapping from R"^ into R^). The group 
P is the double covering of the (connected component of) vectorial Poincare 
group 

P = 50o(l, 3) ^ R^ = {(M, a) : M G SOo{l, 3), a G R^} 

with multiplication (M, a) ■ {M',a') = {MM',a + Ma'). This covering vr : 
P — ^ P is defined by 7T{g, a) = {Xg, a). We should mention that P is more 
important in quantum field theory than P. In these notations f{g, a) = f{g) 
for / G ^ (in particular, w^Big,^) = w^B{g) = Q^b G C) and y\g,a) = 
a* = i-th coordinate of a G R^. Then the relations ( |l.l|) -( pr3D and (|1.^ )- (|1.9| ) 



express the commutativity of our algebra {R = t,G = t,Z = in this case). 
The case 1), s = 1, < t < 1, H = T = 0, corresponds to the quantum 
Poincare group of [Q. 

Finally, we pass to quantum Minkowski spaces, i.e. the quantum ana- 
logues of the Minkowski space. Their definition and properties are also 
given in 0. According to [0, each quantum Poincare group admits exactly 
one quantum Minkowski space. The set C of polynomials on a quantum 
Minkowski space is introduced as the universal unital *-algebra generated by 
x\ i = 0,1, 2, 3, satisfying the relations 

{R - UYhiix'x' - Z^'^x'^ + T^') = 0, (1.12) 

{xy = x\ (1.13) 

i,j = 0, 1,2,3. The action of the quantum Poincare group on the quantum 
Minkowski space is given by the unital *-homomorphism : C — > B ® C 
satisfying (zd (g) \I^)\I^ = (A (g) id)\&, (e (g) id)\E' = id and 

^{x') = N^j®x^ + y' (S>I, i = 0,l,2,3. (1.14) 

In particular, for the classical Poincare group we get the classical Minkowski 
space M = R^. Then are the coordinates on M: x*(f ) = f * = i-th coordi- 
nate of f G M. Moreover, \l/ corresponds to the action a : P x M — > M of 
P on M given by a{p, v) = {g, a)v = \g{v) + a, p = {g , a) E P , v E M. One 
has 

^if) = foa (1.15) 
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for fee. 

Let us recall that 4- dimensional covariant differential calculus on a 
quantum Minkowski space exists if and only if 

F = [{R-l)(g)U]{{U^Z)Z-{Zm4)Z+T(g)U-{U^R){Rm4)iU^T)} = 0. 

This requirement singles out some quantum Poincare groups which are de- 
scribed after the proof of Theorem 1.1 of [§] (in particular, the trivial choice 
H = T = is always allowed). From now on we limit ourselves to quantum 
Poincare groups and quantum Minkowski spaces with F = 0. Then for given 
quantum Minkowski space the 4-dimensional covariant differential calculus 
exists and is unique. It is described by partial derivatives di : C — > C, 
i = 0,1, 2, 3, which are determined by the following properties: 

d,{I) = 0, (1.16) 

d.ix'^f) = 5\f + {R^\,nx^ + Z^\){dif), fee. (1.17) 
The di satisfy the following covariance property 

iid®d,)i^f) = iA',®I)[^id,f)], fee. (1.18) 

According to Proposition 3.1.2 of p|, its proof and 0, di can be also 
obtained as follows. We set G = (V'^ ® ® -£)(-^"^ ® l2)(l2 ® V) and 

define a unital homomorphism / = {f^j)\j=Q '■ A — > M^s^iC) by f^jiw'-^r)) = 
G^'^Dj, f^j{w^D*) = Dj- Then there exists a unital homomorphism X : 
B — ^ M5(C) given by 

X(.) ^ ( ) . . . ^, (1.19) 

X(!/') = ( ^^"'^'i-o <''"A'-» ) , i = 0, 1, 2, 3. (1.20) 



In practical computations one can use the formula |]^ f^ j{S{a)) = f^j(a*). It 
turns out that 

X = (^/^i«=o (>S)i=o ^ (1 21) 

with X/, Yj e B'. One has 

dj = {Yj O id)^, p/ = (X/ (g) id)^ (1.22) 
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where pj^ : C — > C also appear in the proof of Theorem 1.1 of 

The metric tensor is defined ||^ as an invertible matrix g = {g^^)fj^Q 



M4x4(C) such that its matrix entries g^^ satisfy the invariance and self- 
adjointness conditions: 

:i-23) 
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ik 



i,k = 0, 1, 2, 3. Such g is unique up to a nonzero real multiplicative factor. 
It satisfies Rg = g. Here we choose it as 
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-2q^'\V-^ V-^)il2 ®X®l2)iE0 tE) 



:i.24) 



(cf. and Remark below). Matrix elements of g ^ are denoted by gij. The 
Laplacian is given ||^ as 

□ = g'^djd,. (1.25) 



It is invariant and commutes with partial derivatives: 

(id®n)[M/(/)] = v^(n/), fee, 

Udi = diU, i = 0,1,2,3. 



(1.26) 
(1.27) 



According to and , the "sizes" of all our constructions are the same as for 
the classical Poincare group, the classical Minkowski space and the standard 
differential calculus on it (we consider only the polynomial functions). 

Remark. The factor (-2) in ([1241) gives the standard metric tensor 
g = diag(l, —1, —1, —1) for the classical Poincare group and was taken into 
account in the expression for a propagator near the end of Section 4 of [§]. 
However, it was not fixed in the considerations after (3.8) of M. 



In particular cases the metric tensor g 

1)5) g = qdmg{t,-t-\-t-\-t), 

/ 2 - c2 -c^ \ 



{9'^)lj=o equals 



2)6) g 








V 




-2 








-2 




— c 



-2 - c2 / 
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/{r + iy-2 -2ic {1+ry \ 

_i 2 

'2 2ic 2 2ic 

V (l + r)c2 -2ic {r + iy + 2 J 

/ 3c2 - 2 -2c -2ic 3c2 \ 

_i -2c 2 -2c 

'2 2ic 2 2ic 

V 3c2 -2c -2zc 3c2 + 2 / 

= diag(-r + ^, r + ^, r - r + ^) 
1 for l)-4) and q = -I for 5)-7)). 

2 Invariance of the Dirac operator 

In this section we prove that the requirement of invariance of the Dirac oper- 
ator ^ determines all the gamma matrices up to two constants. Then using 
the condition = D we provide the exact form of the gamma matrices. We 
also study certain expressions like the deformed Lagrangian. 

We shall consider gamma matrices 7* G M4x4(C), i = 0,1,2,3. At the 
moment they are not determined yet. The Dirac operator has form ^ = 7*®5j 
(cf. [H). It acts on bispinor functions G C = (S) C (in a more advanced 
approach we should consider square integrable functions 0). 

In the classical case the Poincare group P acts on C as follows: 

= S{g)(f){x) 

where G C, x G M, 0(x) G C, 0' is transformed by p = {g, a) G P, 
x' = p ■ X, (f)'{x') G C'*, 5 is a representation of the Lorentz group SL{2, C) 
acting in the space C = © of bispinors, 5 ~ w © w (undotted and 
dotted spinors). Writing = ® 0" where Sa, a = 1,2,3,4, form the 
standard basis of C^, replacing x by p~^x and then p by p~^, using ( |1.15| ) 
and setting 

[^(0)](p,x)=0'(x), (2.1) 

\E'(0'^) = 0"^^-' © 0"*-^-' (Sweedler's notation, exception of Einstein's conven- 
tion), one obtains 

^{sa © r) = QJr'-'^ © © r^^^ (2.2) 
10 



3) g-- 

4) g-- 
7) 9- 



where Q = {S~^)^ ~ w © w (cf. remarks after ( |2.3| )). 

For the general quantum Minkowski space we define the action \E' : C — > 
i3 ® C of quantum Poincare group on C by ( p^.2D where ^ is a representation 
equivalent to w (B w. For the future convenience we choose 

g = 'w®w (2.3) 

where '^w = {w'^)~^. We notice that ( |1.5| ) implies (here we treat as 2 x 2 
matrix and then ^ E' = E'^) 

wEw^ = E. (2.4) 

Therefore '^w ~ w : 

"w = E-^wE. (2.5) 
In the classical case one has the invariance of the Dirac operator: 

m = (2.6) 

Then assuming that satisfies the Dirac equation {i<^ — m)(f) = 0, we get 

= [(i^ — m)0]' = — mcf)' = — m)(f)', 

i.e. 0' also satisfies the Dirac equation. It means that the Dirac equation is 
invariant. On the other hand using ( |2.1| ), the invariance condition ( |2.6[ ) is 
equivalent to 

^(#) = (id®^)[§(0)], 0eC. (2.7) 

We set (|2.7| ) as the condition of invariance of the Dirac operator for the 
general quantum Minkowski space. The main result of the present Section is 
contained in 

Theorem 2.1 The following are equivalent: 



1. The Dirac operator is invariant (i.e. is satisfied) 

( hA. \ 
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where 



A, = q-"^E^{a, o D)E, (2.9) 

(cTj o D)kl = {.o'i)ABD^^ KL, D = tX'^t, a, 6 G C (E is regarded here as 
2x2 matrix). 



Proof. Setting (j) = Ea ® (j)"" and using (|2.2|) , one easily checks that the LHS 
of ( p.7| ) equals 

Qm%iTa{djrY'^ ® ® {djrY^\ (2.10) 

Similarly, using ( |2.2| ) and ( |1.18| ), we obtain that the RHS of ( PTT] ) is equal to 

QJr^'^ ® (7T«^. ® = gj^\id,rf\Yri ® ® (fi',^")^'). (2.11) 

Choosing = x'^e*, one gets 0" = (9^0" = 5^ j5"-tl- In this case (|2^ ) 

(i.e. the equality of ( pJO]) and (|2TT| )) yields 

6^„^^(70^ = 6^t'A^'.(Y)';- (2.12) 

follows 

(2.13) 
(2.14) 
(2.15) 

N{''w ®w) = {''w ®w ®w ®w ®w ®w)N. (2.16) 



On the other hand (p.l2|) implies that (|2.1CI| ) equals (p.ll|) and 
(for general 0). Therefore ( p.7[ ) and ( |2.12| ) are equivalent. 
Setting 

wc: = hTi, 

we can write ( p.l2| ) as 

wg = ig0A)w. 

Defining 

N={U(S) V)W, 
using ( [1.6|) and (|2.3| ), (|2.14| ) can be translated as 



According to ( p.5| ) and Proposition 2.1 of |^ (cf. also ||13||), 

'^w ® w ^ w ^ {w^ ^w)Q)w, w^w^w^{w^ w'^) © w 

(decompositions into irreducible components, we use the notation of Propo- 
sition 2.1 of [0). Thus 
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( |2.16| ) means that 

Niw = {"w ®w)Ni, (2.18) 

N2''w = {w <S)w ®w)N2 (2.19) 

and Ni,N2 are fixed up to multiplicative constants. Using the definition of 
'^w, (|1.3|) and conjugated ( |1 . 1|) , one can check that solutions of (|2l8|),(^) 
are given by 

(iV2)^^^B = 26g-l/2(^-l)BC^^^XA^LD^ 

a, 6 G C, where additional scalar factors 2, g~^/^ are added for future conve- 
nience. Using ( p7[3| ), ( pJ[5| ) and ([L^), we finally get (|2;|). □. 



In the standard Dirac theory = D. We set this as the additional 
condition for our gamma matrices. Then the Dirac equation (i^ — m)0 = 
implies (formally) the Klein-Gordon equation (D + m^)0 = 0. 



Theorem 2.2 Assume ( \2.Si ). The following are equivalent: 

1. f = U. 

2. + /?^^,7V = Ign, 1,3 = 0, 1, 2, 3. 

3. ah = 1. 

Remark. The condition 2 was considered in |Q (cf. []TU|, [0). For the 
classical Poincare group it gives the standard relation 7*7-' + 7-^7* = 2g^^l. 

Proof. According to ||^, the condition 2 implies the condition 1. Conversely, 
assume that the condition 1 holds. Applying its both sides to x^x", using 
( 1.16 ), ( p,.17| ) and Rg = g, we get the condition 2. It remains to prove the 



equivalence of conditions 2 and 3. 

Using ( |2.13| ), it is easy to check that the condition 2 is equivalent to 



[U(^{R+1)]{W ®U)W = 2-U^g. (2.20) 
In virtue of ( |2.15|) , (|2.20|) can be translated as 

[I4 ® {Rc + 1)]{N ® U)N = 2 ■ I4 ® (2.21) 
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where 

Rc = {12^X0 l2)(L ® L)(l2 ® X^^ I2), 
^£ = -2g^/2(j^ ® X ® l2)(^ ® rE). 
This in turn means that 

[I2 ® {Rc + lie)] (iVi ® l4)iV2 = 2 ■ I2 ® (2.22) 

[I2 ® + li6)](iV2 ® l4)iVi = 2 ■ I2 ® (2.23) 
But we can write 

Ni = 2a(M (g) I2), ^2 = 26g-i/2(^l2 ® ®T){rE ® E ® I2) 

where M : C — ^ ® and T : ® — . C are such that M^^ = 
Tab = S^B- Using this, 

(I2 ® T)(M ® I2) = (T ® l2)(l2 ® M) = I2 

and the 16 relations (2.1), (2.3)-(2.9), (2.17)-(2.20) and (2.35)-(2.38) of [0], 
after some computations we get that the left hand sides of ( p.22D ,( p^23D are 
both equal to 2abl2®gc- Therefore the condition 2 is equivalent to a6 = l.D. 



Remark. Here we explain why each of conditions ( 2.22 )- (|2.23| ) (express- 
ing equalities of 32 x 2 matrices) leads to only one numerical condition. Let 
us begin with (g]22|). In virtue of ( p38D , (|2T9|) (iVi ® 14)^2 intertwines ""w 
with z = '^w ® C ® C where C = w ® w. Using Proposition 2.1 of 0, 

C®C ^ I ®w'^ ® {w^ ®w^). (2.24) 

Thus 

z ~ w®{w® w^''^) ® {w ®n^) ® {w ® w^/^ (g) w^). 



Hence {Ni ® l4)iV2 can be nonzero only in first two components of ( |2.2 
Moreover, using the remarks after (2.25) of [0, Rc + lie kills the second 
component of ( 2.24 ) and the LHS of ( p.22|) intertwines '^w with '^w ® I (here 
/ denotes the trivial subrepresentation of C ® C). The same is true for the 
RHS (cf. (|1.23| )). Such intertwinners are represented by numbers and ( p.22| ) 
is equivalent to one numerical condition. We treat (|2.23|) in a similar way. 
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Our remarks are valid in particular in the classical case. 



The transformation a i— » x^^a, h ^ xh {x & C\{0}) corresponds to 
7* I— i> D'-)^D~^ where D = XI2 © I2, which is equivalent to scaling of the 
undotted spinor. Therefore we may set a = 6 = 1 and obtain 

-'• = ( ° ) P.25) 

where Ai are given by (pl9|). 
In particular cases one gets: 

1) 5) Aq = qtao, Ai = -gt^Vi, A2 = -gt"V2, ^3 = -gtas, 

2) 6) 

f l-c^ 0\ , , , / -l-c2 \ 

Ao = q\ Q ^ I , Ai = -qai, A2 = -gas, A3 = q \ ^ ^1 



3) 



A 



3 



c^(l — r) — 1 c 
c 1 



4) 



/ + 1 2c \ , , , / c2 - 1 2c \ 

^=(^ 2c 1 j' ^1 = -^!' ^2 = -^2, ^=(^ 2c 1 j' 

7) = - r)ao, Ai = (r + q)ai, A2 = {r ~ q)a2, A3 = (r + q)as 

{q = 1 for l)-4) and g = — 1 for 5)-7)). 

In the following we shall study the analogues of certain sesquilinear ex- 
pressions which appear in the standard Dirac theory. They involve the 
gamma matrix 7". But in the deformed case the corresponding matrix will 
be in general different from 7° and denoted by A. We set 
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where 

K = -E{E~^f (2.27) 

(as 2 X 2 matrices). For = 5^ (g) 0'' e C we put (p^ = A^® = (j)^{A(g)I) 
where Xa G (C^)* form a basis dual to the standard basis Sa of C^. We shall 
prove that expressions like 00 and deformed Lagrangian C = (f){i<^ — m)(l) 
transform themselves in the same way as in the standard theory: 

Proposition 2.3 For cf) = Sa® 0", x = ® ^ C one has 

(^0)t(/ ®A® I){^x) = ^[0^(A ® I)x], (2.28) 

(^0)^(/® A® /)[/® (i^-m)](^x) = ^[0^(A® /)(i^-m)x], (2.29) 
where {ha ® = h*^® c\ for ha E B, Ca E C. 

Proof. Using (|2.5|) and ( p.4|) , we notice that 



wKi'^wf = wKE^w^{E-^f = -wEw^iE'Y = -E^E'^f = K. 

Applying the hermitian conjugation, one obtains ^wK'^nF = . These two 
equations and (^73|) give 

QAg'^ = A. (2.30) 

Therefore 

(^0)t(/®A®/)(^x) = [{gJr^'^)*^Xi®r^^>]{I®A®I)[gb'x'''^'^®es®x''^^) 

= r^'''*gj*A,Qb'x'^'^ ® r^'^*x'^"^ = r^'^*Aa,x'''^ ® r^'>x'^"^ 
= Aab^irr'^ix') = "^{KAsb ® r*x') = ^(^^(^ ® 



and ( p.28| ) follows. Replacing x by {i(j) — m)x and using ( |2.7|) , one gets (|2.29|) . 
□ . 

Remark. We were not able to get a similar fact for 07'0. 
In particular cases K equals: 

1)2) K = l2, 3)4) K=(\ 'I'^Y 5)6)7) K = -1,. 
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3 Solutions of the Dirac equation and mo- 
menta 



In this section we use to get (in certain cases) formal solutions of the 
Dirac equation. We introduce the momenta for spin 1/2 particles. They 
have good transformation properties, commute with the Dirac operator, are 
selfadjoint w.r.t. the inner product introduced in Section 2 and in general 
differ from momenta for spin particles. Unfortunately, only in some cases 
they are diagonalizable with real eigenvalues. Considerations in this section 
are largely formal (except of Proposition |0|) . 

In the case when the Lorentz group is classical (case 1), t = 1), we get 
R = T. Then we obtain formal solutions of the Dirac equation {i<^ — m)(j) = 
(m > 0) as in the case 2. of Section 4 of [^. In these cases metric tensor 
g = diag(l, —1, —1, —1) and the gamma matrices 



7 




r 



are classical. Solutions have form 





-ix'^p, 



1,2,3, 



° (according to the conven- 



tions of our paper, we use a different order of tensor product than in 0) 
where Pa are real numbers and w is a solution of 



mv 



with 



m 



PI 



2 ' 3 

and Vj G R obtained from pi as in We solve 
theory: 

for m > we get 



(3.1) 



Tl) as in the standard 



for m = one has 



V G span{ 



V0-V3 


V J 



( Vi-iV2 \ / \ 





\Vi+ 1V2 j 



} (Po^-Pa), 
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to gamma matrices we need also *-algebra T and its *-representations tt in 
Hilbert spaces H with bases Ck-, k & K . We recall that JF is generated by 
j9", a = 0,1,2,3, satisfying (p")* = p"-, p^p^ = R}^ jip^p^ . Then solutions ip 
of the Dirac equation i(^ip = rrvp (m > 0) are provided in terms of (fsi = 
(id ® 7rs;)(e~*^®^) where x ® p = x'* ® QabP^, s,l E K, tIsi{o) = (e^ | vr(a)ei) 
for a G JF. Namely, ip = ip^i = Si ® v^^ipsi (i = 1, 2, 3, 4) for w G if ® C such 
that [/f = mv. Here ^/'^^fcn = '^ks{p*)gat{l"'yn, ^ = T^igiiP^P^Y^"^ (we assume 
that it is a number, which holds e.g. for vr irreducible as in [§). 

In the following we limit ourselves to the cases l)-2) of Section 1. Then 
gab are real, x (S> p is selfadjoint, e"*^®^ unitary and the components of 
are bounded (since the summation over s will be finite). Set A = p^ + p^, 
B = p^ — ip'^, B* = p^ + ip'^, D = p^ — p^. We have found the following 
admissible vr: 

l)a) Tiabd in ^^(Z) with orthonormal basis e„, n G Z, defined by 



T^abd{.A)en = t "ae. 



T^abd{.B)er. 

nabd{B*)a 



n 



■n 



be. 



bCn+l 



n—li 



Habd{D)e, 



n 



a,deK, {a,d) ^ (0,0), b>0. 
b) Tiabd in C defined by 



T^abdiA) 



a, 7Tabd{B) = b, 



b, 7Tabd{D) = d, 



a, c?G R, 6 = or a = (i = 0, 6g C*. 
2)a) Had in /^(N) with orthonormal basis e„, n G N, defined by 

iTad{A)en = c^(a + nd)en, 
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TTad{B*)en = cd{n + l)^/^e„+i, 
T^ad{D)en = den, 

d e R*, a e R, e_i = 0. 
b) -n'ab in C defined by 

TTah{A) = a, nab{B) = 6, fCab{B*) = 6, 7ra6(L') = 0, 

a e R, 6 e C. 

After some computations one finds U, v and finally solutions (p of the 
Dirac equation i^(f — rrup (m > 0). They are (up to linear combinations) as 
follows: 

1) m^{t-^ad-t\ b p)V2^ 
a) m > 0: 



( 


mipni 


] 


( 













t^^'-'dipnl 




1 


\ 


-tb(pn-l,l 


) 





-tb(pn+l,l 



m — 0: 



( btpnl \ 

de^-^iPn-l,l 









biPnl 



b) m > (6 = 0, ad > 0): 



/ 








( ° ^ 











mipu 




f^difii 














) 







m = 0: 



/ 





\ 


f 





\ 




























\ 





1 


V 





/ 



[a = 6 = 0), 
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f \ 




( ° 


\ 


















f = 
















I ) 




V vii J 


c{adY/'^, m > 












( rrnpni 


\ 




/ 



























\ -cdn^/'^!fn-i 






I 



(rf = 6 = 0). 



m = 0: 











rrnpni 








\ 



b) m = for 6 = 0, a ^ 0: 



/ <^11 \ 




( ° \ 


















V ) 




\ ^11 / 



(we have omitted unphysical case a = 6 = when = p ® cpu with any 

Now we shall pass to the momenta for spin 1/2 particles (in general case). 
Let us recall that for spin particles the momenta were defined as Pj = idj 
and partial derivatives dj can be also obtained by dj = (Y^ ®id)\E' (see ( |1.22|) ). 
It suggests to define the momenta for spin 1/2 particles as 



dj = (Yj ® id)^ : C — >C. 
This choice is justified by the following 



(3.2) 

(3.3) 



Proposition 3.1 Let us define dj as in ( [5*. dj ). Then 

dj^ = ^dj, 

(id ® 4)^(«) = (A'i ® I)^{di{a)), aeC. 



(3.4) 
(3.5) 
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Remark. Proposition |3.1| is valid for any homogeneous quantum space 
endowed with the action of inhomogeneous quantum group in the sense of 
[|] (with F = 0). Equation ( |3.4| ) implies that (up to technical difficulties) 
the deformed momenta are well defined in the space of solutions of the Dirac 
equation — m)0 = (m > 0). Equation (|3.5| ) means that the momenta 
for spin 1/2 particles transform themselves in the same way as the momenta 
for spin particles (cf. (|1.18|) ). 

Proof. We set (cf. (|r2|)) 

p/- = (X/ ® id)^ : C — >C. (3.6) 

Applying Yj (g) id or X/ O id to (^) , we get (U) and 

P/^ = (3.7) 

Next we are going to prove 

Yj*a = A'j{a*Yi}, (3.8) 

{Xk' * a}A'j = Ah{a * X/}, (3.9) 
a e B. For a G ^ (g^) is trivial while (g^) follows from ( |LT9| ), (1.5) of 



[P] and invertibility of S. For a = y" ( |3.8| ) is trivial while ( p.9| ) follows from 
([n9D, ([r20|) and (3.60) of H {pi are called y' now). But the set of a G ;B 
satisfying (|3.8|) , (|3^ ) is an algebra (use the homomorphism property of X of 
(imi) ). Therefore (pD,(il) follow for all aeB. 
Moreover, using ( p.2| ), one obtains 

(id®^)^ = (A®id)^. (3.10) 

Now tensoring (|3.8D,(|H^) from right by 6 G C, replacing a®hhy \&(a;), a; G C, 
using ( p.lOj ) and (^]^),(2]6]), one obtains (|3.5|) and 

(id®pfc^)§(a)(A*, ®/) = (A^fc®/)^(p/(a)). (3.11) 

In the same way, using (id®\l/)\l/ = (A(g)id)\I', one can also get (1.11)-(1.12) 

of m. □. 
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Using the properties of X and (p.2|), one gets 

Bra = xj{gJ)Er ® d„ pj = xj{gJ)Ei^ ® p/ 

where are matrix units {Efsi, = 6"'b£i)- First consider the case when the 
Lorentz group is classical [1), t = 1] and s = 1. Then f^j = 6^je. Using 
( |1.19|) , one gets 

dm = id dm, pm^ = id® pj'- 

Taking the solution ip = tx^e""'"^" as in the beginning of the present section, 
one obtains 

Pm(p = V® iS^e-"'"^" = Vm^ 

(cf. the case 2. of Section 4 of 0). Thus in this case the momenta are just 
like the momenta for spin particles. For all other cases it is easy to check 
that fmiw^'B) ^ S^mS'^B, X^iGJ) ^ S^^S'a and 

di^id® di, Pi'' ^ id ® p,*^ 

(acting on (f) = Ea OT (f) = 6a I) ■ It means that in general momenta 
depend on spin. 

Let us return to the general case. Set 

F\ = g'"'Xm'{gJ)9jrEi'', 

pt ^ igt^dra, P"" = ig^'Wj. ThcU 

p* = fV ® P^. 

The transformation property of the momenta P* easily follows from ( p.5| ): 

(id ® P*)§(a) = [{g-'^Ag^)J ® I]^{P^{a)). 

Due to (|3.4| ), P* commute with One can check that PV are selfadjoint 
w.r.t. the inner product defined in Section 2 {(j)F^r'4' = P^r^V' fo^' ^ C^) 
while P^ are selfadjoint according to [Q. Therefore P* are selfadjoint. How- 
ever, the inner product of Section 2 is not positively defined and selfadjoint- 
ness doesn't guarantee diagonalizability or reality of the spectrum as we shall 
see. Namely, after long computations one gets the following form for P* in 
cases l)-2), Z = (case 1. of Section 4 of IHl as considered above): 
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identifying ipni with e„ one can represent P* as operators in ® H 
(C2 ®H)® (C2 ® H) such that 



(this is related to the selfadjointness of P*, * is given by the standard hermi- 
tian structures in and H) where 



1) 



2) 



^o^s(tn{A)+t-'n{D) \ 

2\ t-^n{A)+tTT{D) ) 

~,_^(t-H{Bf + t7r{B*y 

2 I t-'7i{B*f + t7r{B) 



R 



T y 



~,_^s( t-'n{Br-t7r{B*r \ 

^ ~'2[ t7T{Bf - t-'TT{B*f ) ' 

.,_^( tn{A)-t-'7r{D) \ 

2 I t-^n{A)-t7c{D) ) ' 



2[ 'K{A) + rt{D) ) ' 

2[ 7r(P*f + 7r(Pf j' 

52 _ 4 / vr(P)^ - 7r{B*r c^D) \ 

^ ~\\ 7r(P)^-7r(P*)^ ) ' 

63 ^ £ / vr(A) - 7r(D) -c^BY \ 
2\ 7r(A) -7r(D) ) • 

According to ( p.4|) , P* act in the subspace of solutions of the Dirac equa- 
tion. However, considering P^, P^ w.r.t. the found solutions, there appears 
complex spectrum (case 1)) or nondiagonalizability (case 2), m > 0). But 
in the case 2), m = all P^ are diagonalizable with real spectrum (in the 
subspace of found solutions). One can try to overcome this difficulty by 
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modifying the definition of dm- However, one checks that it is not possible to 
get always (in all cases 1)2)) diagonalizability with real spectrum (without 
spoiling the other properties of P™) by choosing another ansatz of the form 

dm = Mm' ® dj {Mm' G C, Mm' ^ 0). 
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